We have performed two-dimensional lattice-gas-automaton simulations of granular flow between two parallel planes. We find that the velocity profiles have non-parabolic distributions while simultaneously the density profiles are non-uniform. Under non-slip boundary conditions, deviation of velocity profiles from the parabolic form of newtonian fluids is found to be characterized solely by ratio of maximal velocity at the center to the average velocity, though the ratio depends on the model parameters in a complex manner. We also find that the maximal velocity (u max ) at the center is a linear function of the driving force (g) as u max = αg − δ with non-zero δ in contrast with newtonian fluids. Regarding density profiles, we observe that densities near the boundaries are higher than those in the center. The width of higher densities (above the average density) relative to the channel width is a decreasing function of a variable which scales with the driving force (g), energy dissipation parameter (ǫ) and the width of the system (L) as g µ L ν /ǫ with exponents µ = 1.4 ± 0.1 and ν = 0.5 ± 0.1. A phenomenological theory based on a scaling argument is presented to interpret these findings.
I. Introduction
Granular materials exihibt many interesting phenomena. The segregation of particles [1, 2, 3, 4] , heap formation and convection cells under vibration [5, 6, 7, 8] , and anomalous sound propagation [9] are just a few examples. Such phenomena occur because the dynamical responses of granular media are quite complex and different from those of usual solids, fluids and gases [10, 11, 12, 13, 14] . Considering the complexity in the dynamics, one is tempted to study first the granular materials in simple geometries and proceed then to more complicated situations.
However, even in the simplest geometries such as hoppers and tubes, their flow under uniform external driving force (such as gravity) still shows complex dynamics [15, 16, 17, 18, 19, 20, 21] . For tubes, one can observe density waves in granualr flow when the width of the tubes is narrow enough. Here the friction of the wall, as well as the dissipation among the grains themselve, plays an important role in the occurence of density waves.
The purpose of this paper is to study granular flow in channels (different from tubes with wider width) and compare it with flow of Newtonian fluids. Comparison between granular flow and ordinary fluids is useful because it links with the knowledge that we have gained before. Besides the obvious contrast between the discretness of granular materials and continuum of fluids, a key difference is that collisions of particles in granular flow are inelastic (energy-dissipative). In fluids, channel flow is a typical and fundamental topics in rheology (Poiseuille flow). Under the non-slip boundary conditions valid for viscous fluids, Newtonian fluids have a parabolic velocity profile across the channel. To claim that granular flow is nonNewtonian flow, a non-parabolic velocity profile is a clear and fundamental evidence.
In this paper, we will report the non-parabolic shape of velocity profiles and nonuniformly distributed density profiles in granular channel flow.
Study on granular materials has a long history in engineering. Much engineering literature is devoted to understanding how to deal with these materials. However, it is only after the pioneering work of Bagnold [22] that theoretical work has begun to progress. Instead of focusing on the detailed dynamics of individual particles, granular hydrodynamics [23, 24] treats the granular media like "fluids". One defines a set of macroscopic quantities like particle density, velocity, and granular temperature. By assuming local equilibrium [25] one can write down the equations based on mass conservation, momentum conservation and energy balance. These equations are similar to the Navier-Stokes equations for fluids.
Using the idea of hydrodynamics, Savage [26] has studied the channel flow of cohesionless granular materials and obtained theoretically the velocity profiles. He obtained the velocity profiles under non-slip boundary conditions for different parameter R (which depends on the system parameters and on the density at the channel center). In the limiting case of R = 0 (which corresponds to the situation where density are uniformly distributed), the non-dimensional velocity profile has the form of v = 1 − x 3/2 where v is the velocity normalized to 1 with respect to the maximal velocity at the center, x is the distance from the channel center divided by the half-width of the channel. For larger R, the velocity profiles become more blunted (but without simple analytical form). Savage [26] performed also experiments to measure the velocity profile and found that his experiments corresponded to the case of R = 0.3. Since he did not intend to compare his results with those for fluids, his theory did not recover the parabolic velocity profile in any limiting case as he included from the begining that the viscosity is proportional to the shear rate [22] . However, we find from his experimental data that the velocity is very close to have a parabolic shape.
In the following we will report our numerical results on the velocity profiles. We find that when the dissipation is very weak the velocity profiles are close to the parabolic shape while in the other cases they are more blunted than the parabolic form. As mentioned above, we realize that the key difference between fluids and granular flow is that the latter is energy dissipative. Therefore, when the parameter controlling the energy dissipation is switched off, the theory should recover that of fluids. Furthermore, we observe that density near the boundaries are higher than those at the channel center. Our numerical findings are consistent with the earlier experimental observations by Soo et al [27] : "the nature of the concentration, mass flow, and velocity distributions of solid particles is such that the concentration increases toward the wall of the pipe, mass flow decreases toward the wall, and velocity is less than or equal to that of the stream at the core".
In this paper we study the channel flow by computer simulations. Since a general theory for granular media is not yet available, people have used various computational methods to get better understanding about the complicated rheological behavior of granular media. Among the different methods are molecular dynamics (MD) [2, 18, 29, 30] , Monte Carlo simulations [4, 31] , the diffusing void model [32] , event driven algorithms [33] and cellular automaton [34] . So far the most widely used method is MD [35] which simulates the granular materials on a "microscopic" level (the grain's level). MD has been recognized to be very successful in simulating granular materials [36] . MD needs, however, much computer time to give reasonable results. To calculate the velocity and density profiles one needs long time average in order to get reasonable statistics.
The same situation was also faced in classical fluid mechanics some years ago when Frisch, Hasslacher and Pomeau [37] proposed lattice-gas automata (LGA)
as a novel alternative to the direct solution of the equation of motion. As a sort of primitive molecular-dynamics system LGA offers the advantage of guaranteed numerical stability coupled with extreme computational simplicity. The basic idea behind LGA is that a properly defined cellular automaton with appropriate conservation laws should lead to the Navier-Stokes equations. A detailed comparison of simulational results from LGA and the well-established theory of Newtonian fluids in Poiseuille flow can be found in Refs. [38, 39] . The main check to the LGA for the Newtonian dynamics was the parabolic velocity profile in channel flows [38, 39, 40] .
In this paper we employ the LGA model of Ref. [20] to study the velocity and density profiles in granular channel flow. The LGA of Ref. [20] is an extension of the LGA of usual fluids by including energy dissipation among the particles into the model. As emphasized above, energy dissipation is a major mechanism by which granular flow differs from ordinary fluids. The LGA models for granular materials were sussessful in simulating granualr flow [20, 41, 42, 43] . 
II. Simulational model
We consider an LGA at integer time steps t = 0, 1, 2, · · · with N particles located at the sites of a two-dimensional triangular lattice. The arrangement of the triangle lattice is depicted in Fig. 1 Each state can be either empty or occupied by a single particle. Therefore, the number of particles per site has a maximal value of 7 and a minimal value of 0. In this paper we use the number of particles per site as density which can therefore be greater than 1.0. The time evolution of the LGA consists of a collision step and a propagation step. In the collision step particles change their velocities due to collisions and in the subsequent propagation step particles move in the directions of their velocities to the NN sites where they collide again.
The system is updated in parallel. Only the specified collisions shown in Fig. 1 can deviate the trajectories of particles. All collisions conserve mass and momentum.
For two-and three-body collisions, we have the probabilistic rules shown in Fig.   1 (b). The probablity that a configuration may take place is shown next to the configuration. If the parameter ǫ is nonzero, it means that energy can be dissipated in the collision.
Collisions with rest particles may produce more than one rest particles on that site. This is allowed temporarily as in the Fig. 1 (c) . However, immediately after the collision step, the extra rest particles randomly hop to NN sites until they find a site with no rest particle and there they stop.
We use no-slip boundary conditions at the channel walls which are parallel to the y-axis and periodic boundary conditions along the channel. No-slip conditions are employed by allowing that any particle colliding with the wall along any of the three possible directions bounces back into the incoming direction.
We incorporate the driving force, namely, gravity, in the way that Kadanoff et al [38] have used. The direction of gravity is along the y-axis, i.e., the downward in Fig. 1a . After each time step we randomly select a lattice site and, if possible, apply one of the forcing rules: (i) a rest particle goes into motion with equal probability along one of the two lattice directions which form an angle of 30 0 with the direction of gravity; (ii) a moving particle change its velocity by a unit vector along the direction of gravity if the resulting vector is possible on the triangle lattice used. Each successful application of a forcing rule adds one unit of momentum to the system.
The forcing process is repeated until the desired amount of momentum (we label it as G) has been transfered to the system; fractional amounts of momentum to be added to the system are accumulated across time steps until they sum to an amount greater than 1, at which time one additional unit of momentum is added to the gas.
The actual forcing scheme is slightly more complicated since it must compensate for inhomogeneity in the momentum and number densities due to the macrosopic flow (see also Ref. [38] ). The forcing algorithm randomly selects a lattice row and column and then searches along that column until it finds a site where a forcing rule may be successfully applied. This guarantees that forcing operations will be uniformly distributed across the width of the channel, despite variations in the mass and momentum densities. It is noted that the magnitude of the gravity cannot be extremely large in our model system due to the following fact: on one hand the maximal velocity at the channel center increases with the increasing gravity, on the other hand the LGA only guarantees a velocity less than unit.
III. Simulational Results
We evolve the system according to the collision rules defined above. The initial configuration of the system is set to be random in the sense that every state (except the rest state) of each site is randomly occupied according to a preassigned average densityρ. We discard the configurations in the first period of several thousand time steps until we are sure that the system is in the steady state where energy input by gravity is averagely equal to the energy dissipation in the system. Fig. 2 shows a typical curve of the total kinetic energy relaxation starting from a random configuration at time step t = 0.
After the kinetic energy curve becomes flat, we then make the necessary averge over space and time as follows. Let us label the particle number of state k(k = 0, 1, 2, · · · , 6) on the ith lattice site with coordinates (x i , y i ) at time step t as n k (x i , y i , t).
As depicted in Fig. 1(a) , the x-coordinates of lattice sites take values of inte- In this paper, we always keep M = 2L and fix the average densityρ = 1.5 unless otherwise specified.
We are interested in the density profile ρ(x) and velocity profile in y-direction
(1)
where the function [z] takes the integer value of its variable z and function δ(z) equals to one when z=0 and zero otherwise. c k = (c
) are the unit vectors of the lattice bond orientation (and c 0 = 0). We actually make average over two column whose x-coordinates have the same integer part, they are columns with x i (integer) and x i + 1/2 (half-integer), therefore, the normalization factor is
where T is the time period over which we make average starting from time step t 0 . T is usually several tens of thousand time steps.
As a first step, we check that when the dissipation parameter ǫ is set to zero we recover the parabolic velocity profile of Newtonian fluids. This is shown in Fig.   3 (a) for system size L = 64 with average densityρ = 1.8. From Fig. 3(a) we can estimste the magnitude of the kinematic viscosity equal to 0.35 according to Ref. [38] . Meanwhile, the density profile in Fig. 3(b) is just a flat curve, showing that density is uniformly distributed. Fig. 4(a) and Fig. 4(b) show the velocity and density profiles when energy dissipation with ǫ = 0.01 is present in the system. We see clearly that the parabolic velocity profile is no longer kept in this case, but more blunted. In fact, a parabolic curve demanding the maximum value at the center equal to the numerial data and zero at the two boundaries deviates substantially from the numerical data. It is also remarked that the density is not uniformly distributed, in contrast with those of Newtonian fluids.
Regarding the velocity profile, we can generally write down the following equation:
where u max is the maximum velocity. Here gravity is taken to be system size independent quantity g = G/N where G is the total amount of momentum added to the system after each time step and N is the total number of lattice sites.
A simple measure of the flatness of velocity profiles is the ratio γ = u max /ū wherē u is the mean value of u(x). It is equal to 1.5 for Poiseuille flow of Newtonian fluids and 1.0 for a perfectly flat profile. Note that γ can be written as is also plotted in Fig. 6 . As expressed in Eq. (4), γ −1 is the 0th moment of the distribution functionũ(x). Fig. 6 tells us that the distribution functionũ has such a property that as long as the 0th moment is determined higher order moments are determined. This may suggest that the parameters {ǫ, g, L} combine to give a scalar on whichũ(x) depends solely.
In order to fit the velocity data, we have tried the polynominal fitting routines.
We find that polynominal up to an order of 4 is not sufficient; most of the data can be fitted by a polynominal up to an order of 6:
where x is the normalized coordinate in the interval [0:1] and c is the coordinate of the channel center. The three velocity profiles are fitted using Eq. (5) in Fig. 6 .
In the next section basing on a phenomenological theory we will propose a formula for velocity profiles where the dependences of these fitting parameters on the model parameters {ǫ, g, L} are clearly expressed and we will check our theory by the simulational data.
For u max (ǫ, g, L), we find that it is a linear function of g as u max (ǫ, g, L) = αg − δ with non-zero δ. Regarding the density profile, we observe that densities near the walls are higher than those at the channel center, in contrast to the uniform density distribution of Newtonian fluids. A simple way to characterize the spatial variation is to define a width over which densities are higher than the average density. We plot such a width (∆) divided by channel width in Fig. 8 (a) against gravity g for different system sizes and different dissipation parameters. Generally, ∆/L decreases with increasing g and increasing L but increases with increaing ǫ. The scattered data in Fig. 8(a) can be scaled to one curve as shown in Fig. 8 (b) where we plot ∆/L versus g µ L ν /ǫ. We find that the exponents are µ = 1.4 ± 0.1 and ν = 0.5 ± 0.1.
We have checked that the above observations do not change their properties qualitatively as we change the average densityρ. The scaling exponents µ and ν are independent of the average density.
IV. Phenomenological Theory
In this section we present a phenomenological theory to interpret our numerical findings. We note that there are two important system parameters, namely, g and ǫ: g is the velocity change per particle per time step and ǫ is energy dissipation per particle per time step. Therefore, using dimension analyse, we have
where V and E are characteristic velocity and kientic energy of a particle. Hereinafter we put the particle's mass to be unity. Since V 2 ∼ E, gV /ǫ must be dimensionless.
We may construct a quantity which has a dimension of velocity by using the channel width L as
The above argument implies that P defined as
must be a fundamental dimensionless quantity. Eq. (8) is consistent with the simulations illustrated in Fig. 8b where ∆/L is a function of a variable which scales as g µ L ν /ǫ with exponents µ = 1.4 ± 0.1 and ν = 0.5 ± 0.1.
Note that when ǫ = 0, the system has another dimensionless quantity which can be derived from the newtonian hydrodynamics equation
where ν = µ/ρ is the kinematic viscosity. The two terms in Eq. (9) have the same dimension, therefore,
is another dimensionless quantity. Note in Eq. (10) we have used Eq. (7). Q is in fact the square root of the Reynolds number. Now, we consider the maximum velocity u max at the channel center. Simulations
show that u max is a linear function of g
We determine the forms of α and δ. First of all, they do not depend on g by definition. Using Eq. (7), α must take the form
The form ofα can be determined by the following conditions: (i) α (instead of α) is independent of g; (ii) when ǫ → 0 (P → ∞), u max = gL 2 /ν. The simplest interpolation formula forα is given bŷ
where c 1 , c 2 are dimensionless positive numerical constants. In fact we have
Therefore,
When ǫ = 0, we recover the well-known result:
Our numerical results also show that α decreases with increasing ǫ, in the trend of Eq. (17) . The L 2/3 is even reached in the simulations with ǫ = 0.02. This is illustrated in Fig. 9 . From Eq. (15) one may see that as long as ǫ is non-zero, the term with c 1 dominates the denominator for large L, leading to the validity of Eq.
(17).
Now we determine δ. It should vanish at ǫ = 0 and be independent of g for any non-zero value of ǫ. Using again the fact of Eq. (7) δ should be given by
where c 3 is a positive constant. Note that P/Q 3 = ν 3 /(ǫL 4 ) is independent of g. It seems that the form of f (x) can not be specified phenomenologically. If we impose the fact that δ is insensitive to L as observed in simulations, f (x) must be f (x) ∼ x 1/12 so that we have
Now we turn to the shape functionũ(x) of velocity profile. Since from the simulations we know the velocity profile can be well fit using polynominal up to 6th order, we propose phenomenologicallỹ
where the coefficients u 2 , u 4 , u 6 are functions of ǫ, g and L.
As expressed in Eq. (4), the 0th moment ofũ(x) is characterized by γ. We find numerically that the scattered data of γ in Fig. 5 can be collapsed to one curve by using a combination of the dimensionless quantities P and Q: are related by
So we need only to determine u 2 and u 4 which must satisfy the following conditions:
(i) when ǫ = 0, u 2 = 1, u 4 = 0 which recovers the parabolic velocity profile for fluids;
(ii) when ǫ → ∞, the velocity profile becomes completely flat and therefore u 2 = 0, u 4 = 0.We propose u 2 and u 4 as functions of Γ:
where d, e, h are constants. Substituting the above expressions into Eq. (20) and integrating that equation we obtain
(24)
We ckeck the above expressions by fitting the numerical data of γ using Eq. (24). This is shown in Fig. 10 . One sees that the fitting is very well except for γ close to 1.0 (corresponding to rather flat velocity profiles where (x − 1/2) 8 might be necessary in Eq. (20) .).
Finally we make a remark that velocity profile such thatũ(x) = 1−u ω (x−1/2) ω − 4u 2 (x − 1/2) 2 with 0 < ω < 2 is not in accord with γ shown in Fig. 5 .
V. Discussions
In this paper we have numerically studied the granular flow in channels using a two-dimensional lattice gas automaton model. We have explored the dependences of velocity profile on dissipation, gravity and channel width and compared them with those of Newtonian fluids. Parabolic velocity profile is no longer valid as long as there is energy dissipation in the system. However, the deviation from parabolic profile depends on the degree of energy dissipation in a smooth way (there is no sharp transition near ǫ = 0). This may explain the fact that the experimental data of Savage [26] is close to a parabolic velocity profile, though he did not notice this point in his paper. However, the velocity profile can also be very flat depending on the dissipation and the channel width. The observation of Soo [27] confirms this point experimentally. Our results also show that the velocity profiles are more blunted than the parabolic form. We do not find any velocity profile that is sharper than parabolic shape (i.e., our γ are all less than 1.5), in contrast with Savage's theory [26] which predicted that profiles sharper than parabolic ones are possible to exist.
The maximal velocity at the center is a linear function of gravity as u max = αg − δ but with non-zero δ. Here α behaves no longer as L 2 as for Newtonian fluids. Density profiles are no longer uniform but are higher near the boundaries than at the center. From the simulations we note that this nonuniformity is caused by the rest particles while the moving particles are distributed uniformly. This may have a link to the clustering of dissipative systems [44] . The boundaries which are represented by rough walls seem to serve as clustering seeds due to the non-slip boundary conditions we used. An earlier experiment by Soo [27] also showed that density increases toward the wall, as we find here. It is interesting to note that the recent experiment of Pouliquen and Gutfraind [45] showed that density near the wall is lower than that at the center. We attribute this contradiction with our numerical results to the different boundary conditions. In their experiments, considerable slip velocities were observed at the walls. Both increasing and decreasing density profiles toward the walls in different regimes were obtained theoretically in Ref. [28] and both kinds of experimental evidences were cited there.
In our model we find that the width of the region of higher densities (than the average density) relative to the channel width is a decreasing function of a variable which scales with the driving force (g), energy dissipation parameter (ǫ) and the width of the system (L) as g µ L ν /ǫ with exponents µ = 1.4 ± 0.1 and ν = 0.5 ± 0.1.
Such a scaling was not found in any previous investigations. We have shown that In this paper we have used non-slip boundary conditions at the channel walls.
Unlike in viscous fluids, non-slip boundary conditions are not necessarily satisfied in every case of granular flow [46] . In fact, the general boundary conditions for granular flow is still lacking. However, as noted by Savage [26] , the non-slip condition may be realized by providing wall roughness of the same order as that of the particle surface constituting the granular material, as he achieved in his experiments [26] .
Figure Captions The number next to a configuration is the probability that the configuration takes place; (c) Collision rules for moving particles with a rest particle. Immediately after the collision, more than one rest particle on a site will hop to the nearest neighbouring sites randomly until they find a suitable site with no rest particle already there. 
